Abstract-In a previous work, we presented formulae for boundary control laws which stabilized the parabolic profile of an infinite channel flow, linearly unstable for high Reynolds number. Also know as the Poiseuille flow, this problem is frequently cited as a paradigm for transition to turbulence, whose stabilization for arbitrary Reynolds number, without using discretization, had so far been an open problem. L2 stability was proved for the closed loop system. In this work, we extend the stability result to exponential stability in the H1 and H2 norms, and we state and prove some properties of the stabilizing controller, guaranteeing that the control law is well behaved.
I. INTRODUCTION
In [11] , an explicit boundary control law which stabilized a benchmark 2D linearized Navier-Stokes system was presented. For the resulting infinite dimensional closed loop system, a result guaranteeing L 2 exponential stability was proved. We complement this previous result by adding statements and proofs of exponential H 1 and H 2 stability, stronger forms of stability seldom found in flow control designs. The explicitness of the design allows as well to show some regularity results for the control laws, which are proved to be well defined and behaved. We do not prove wellposedness, however, with the high order Sobolev estimates that we derive it is certainly possible, though lengthy and far from trivial.
Most of the previous controllers for Navier-Stokes equations used their discretized version and employed highdimensional algebraic Riccati equations for computation of gains [5] . This is the first result that provides an explicit control law (with symbolically computed gains) for stabilization in L 2 , H 1 and H 2 norms, at an arbitrarily high Reynolds number in non-discretized Navier-Stokes equations. The only prior control design that was explicit, proved stability in the same norms, and did not employ discretization, was restricted to low Reynolds numbers [1] , [2] .
The results are applicable to both infinite and periodic channel flow with arbitrary periodic box size, and also extend to 3D [4] . Our control laws are written as state feedback, however, we have developed a dual observer design methodology [8] which we used to design an observer [10] .
We start the paper by stating, in Section II, the mathematical model of the problem, which are the linearized Navier-Stokes equations for the velocity fluctuation around the (Poisseuille) equilibrium profile. In Section III, we review the control law that stabilizes the equilibrium profile, and state the main results of the paper. Section IV briefly reviews the L 2 proof of stability in [11] , since it contains some ingredients required in subsequent sections. The proofs of H 1 and H 2 stability are presented, respectively, in Sections V, and VI. Section VII is devoted to study and prove some properties of the control laws. 
where V is the wall-normal velocity, and u and p are the fluctuation streamwise velocity and pressure (see [11] for derivations). The boundary conditions are
The variables u and V also verify the continuity equation
Note the actuation variables U c (x) and V c (x) in (4) and (5), resp. for streamwise and normal velocity boundary control.
III. CONTROLLER The expressions for the control laws are
where h verifies the equation
where (10) and the kernels Q u , Q V and Q 0 are defined as
In expressions (11)- (13), χ(k) is a truncating function in the wave number space whose definition is
where m and M are respectively the low and high cutoff wave numbers, two design parameters which can be conservatively chosen as m ≤ 
where K n is recursively defined as
Remark 3.1: Control kernels (12) and (13) can be explicitly expressed as
where
Control laws (7)- (17) guarantee the following results. (1)- (5), (7)- (17) (7)- (17), have the following properties: (2), is valid for the nonlinear Navier-Stokes equations in a local sense, i.e., provided that the initial data are sufficiently close (in the appropiate norm) to the equilibrium. Remark 3.3: H 2 stability suffices to establish continuity of the velocity field for a bounded domain, by Sobolev's Embedding Theorem [9] . The argument is not applicable to the infinite channel, but it holds if the channel is periodic, a setting for which our results extend trivially.
Remark 3.4: Theorem 3.2 ensures that the control laws are well behaved. Property i, spatial invariance, means that the feedback operators commute with translations in the x direction [3] , which is crucial for implementation. Property ii ensures that we do not violate the physical restriction of zero net flux, which is derived from mass conservation. Property iii allows to truncate the integrals with respect to ξ to the vicinity of x, allowing sensing to be restricted just to a neighborhood (in the x direction) of the actuator. Properties iv to vi ensure that the control laws are well defined. Properties vii and viii prove finiteness of energy of the controllers and their spatial derivatives.
In the next sections we present a sketch of the proof of the theorems. We skip some intermediate steps due to space limitation; full details will be provided in a future publication. We begin by reviewing some results in [11] .
As common for infinite channels, we use a Fourier transform in x. The transform pair (direct and inverse transform) has the following definition:
Note that we use the same symbol f for both the original f (x, y) and the image f (k, y). In hydrodynamics, k is referred to as the "wave number." One property of Fourier transform is Parseval's formula
which allows to derive L 2 exponential stability in physical space from the same property in Fourier space.
We define the L 2 norm of f (k, y) with respect to y:
Equations (1)- (2) written in the Fourier domain are
and we can write a Poisson equation for the pressure [11] ,
The boundary conditions of (27)-(29) are
The continuity equation (6) expressed in Fourier space is
Thanks to linearity and spatial invariance, there is no coupling between different wave numbers in (27)-(35). This allows us to consider these equations for each wave number independently. The main idea behind the design of the controller is to consider two different cases depending on the wave number k. For wave numbers m < |k| < M, which we refer to as controlled wave numbers, we design a backstepping controller that achieves stabilization, whereas for wave numbers in the range |k| ≥ M or in the range |k| ≤ m, which we call uncontrolled wave numbers, the system is left without control but is exponentially stable [6] .
A. Controlled wave numbers
In what follows, let the letters D and d with subscript denote some positive constant.
Control laws (7)- (17) in Fourier space are
In [11] we showed that, with control laws (36)- (37), (27)- (28) are mapped into the family of heat equations
are respectively the direct and inverse transformation [7] for u and V , with K defined in (16)-(17) and L similarly. Using (38)-(39) and (40)-(43) the following results holds. Proposition 4.1: For any k in the range m < |k| < M, the equilibrium u(t, k, y) ≡ V (t, k, y) ≡ 0 of (27)-(34) with control laws (37), (36) is exp. stable in the L 2 sense, i.e.,
the following result holds.
Proposition 4.2:
Consider equations (1)- (5) with control laws (7)- (8) . Then u * and V * decay exponentially:
B. Uncontrolled wave number analysis
In [11] we proved the following result. 
(48) In the proof, we defined
and showed that, for |k| < m and |k| > M,
Using Proposition 4.3, the following result holds.
Proposition 4.4:
The variables u and V defined as
decay exponentially
C. Analysis for the entire wave number range Since
and since the L 2 norm of V is the sum of the L 2 norms of V * (t, k, y) and V (t, k, y) (and similarly for u), the L 2 part of Theorem 3.1 follows from Propositions 4.2 and 4.4.
We also define the H 1 norm of f (k, y) with respect to y ||f (k)||
A. H 1 stability for controlled wave numbers
For each k, one has that
where we have used (57) and Poincare's inequality. This proves the equivalence, for any k, of theĤ 1 norm of f (k, y) and theL 2 norm of just f y (k, y). Therefore, we only have to show exponential decay for u y and V y .
Due to the backstepping transformations (40), (41) and (42), (43), the following bounds are derived from simple estimates on α and α y from (38)
Using estimates (60)-(61) the following proposition can be stated at each k in the controlled range. Proposition 5.1: For any k in the range m < |k| < M, the equilibrium u(t, k, y) ≡ V (t, k, y) ≡ 0 of the system (27)-(34) with feedback control laws (37), (36) is exponentially stable in the H 1 sense
(62) Integrating (62) in the controlled wave number range m < |k| < M, and using (58), the following result holds.
Proposition 5.2: Consider equations (1)- (5) with control laws (7)- (8) . Then the variables u * (t, x, y) and V * (t, x, y) defined in (45)-(46) decay exponentially in the H 1 norm:
B. H 1 stability for uncontrolled wave numbers
Following the same argument [11] , that produced (49)-(50), the following bound holdṡ
The time derivative of Λ H can be bounded as
where we have used integration by parts and the Dirichlet boundary conditions of the uncontrolled wave number range. Doing further integration by parts and using (35), we obtain
Only the last term remains to be estimated. Using (33)- (34) with V c being zero for uncontrolled wave number range, the last term in (67) can be expresssed as
This quantity can be estimated using the following lemma. 
Using the lemma, the time derivative of Λ H can be estimated as follows:
We take the following Lyapunov functional
which is equivalent to the H 1 norm,
Computing the derivative of (71)
Deriving an estimate of the H 1 norm from this estimate for Λ T , one reaches the following result. 
C. Analysis for all wave numbers From Propositions 5.2 and 5.4, as in Section IV-C, H 1 stability is proved.
||u(t)||
VI. H 2 
STABILITY
The H 2 norm of f (x, y) is defined as
(77) We also define the H 2 norm of f (k, y) with respect to y as 
Using estimates (80)-(81) the following proposition holds at each k in the controlled range.
Proposition 6.1: For any k in the range m < |k| < M, the equilibrium u(t, k, y) ≡ V (t, k, y) ≡ 0 of (27)-(34) with feedback laws (37), (36) is exp. stable in the H 2 sense
(82) Integrating (82) in the controlled wave number range m < |k| < M, and using (79), the following result holds.
Proposition 6.2: Consider equations (1)- (5) 
